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Abstract. We use the renormalization-group method to study the dynamics of the solid-on-solid
model proposed by den Nijs for the preroughening transition. The implications of our results
for the spatial and temporal behaviour of crystal-vapour interfaces are discussed.

The interface between crystals and vacuums or between solids and fluids has been thoroughly
studied in recent years (for a recent review see [1]). In low-enough temperatures, the
atoms in the solid—vacuum interface arrange themselves to form a thermodynamically stable
ordered structure which has either a different order from the bulk or the same order as the
bulk. When the interfacial structure has a different order, the interfacial structure is called a
reconstructed structure, while when the interfacial structure has the same order, it is called
an ordered flat structure. As the temperature is raised, the surface structures may lose their
order, and exhibit an equilibrium order—disorder phase transition, called the reconstruction
transition [2, 3]. The disordered interface above the reconstruction transition may still have
finite interfacial thickness. Thus it is called the disordered flat interface. Upon further
heating, another surface phase transition can occur from the disordered flat interface to the
rough interface. This transition is called the roughening transition (for a recent review see
[4]). Above this roughening transition temperature, the interfacial thickness diverges, and
specific erystal facets no longer exist. A

The characteristics of the reconstruction and roughening transitions have been much
studied separately, and have been found to be distinct from those of the bulk phase transition.
For example, the interface of opposite-sign domains of the Ising model undergoes the
roughening transition at a lower temperature than that of the bulk phase transition, the Curie
temperature, and belongs to a different universality class, the Kosterlitz—Thouless transition
[5]. On the other hand, the reconstruction transition can often be found in the [110] surfaces
of FCC noble-metal single crystals [2], and has been studied separately from the roughening
transition. Recently, phenomenological models to understand both the reconstruction and
rovghening transitions simultaneously have been proposed [7, 8]. Among them, the restricted
solid-on-solid (RSOS) model propesed by den Nijs generates complicated surface phase
structure which contains the ordered flat, the reconstructed, the disordered flat, and the
rough surface structures [3]. The complicated surface structure results from the competing
effects of the ferromagnetic interactions of the nearest neighbours and antiferromagnetic
interactions of further nearest neigbours [3, 9].

In the phase diagram proposed by den Nijs [3], the disordered flat phase is an
intermediate phase of the reconstructed and rough surface phases or of the ordered fiat and
rough surface phases. In this phase, the surface contains an array of steps with positional
disorder and long-range up~down—up-down order as shown in figure 1. Accordingly the
average height is shifted by a half from that of the ordered flat interface. The transition
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from the ordered flat to the disordered flat phase is called the preroughening transition. The
preroughening transition includes many interesting physical features and has been studied
using the renormalization group (RG) method, and low-temperature series expansion 3,91,
The RG method is based on the continuum sine~Gordon Hamiltonian, which is an extension
of the one for the roughening transition. The Hamiltonian of the sine-Gordon model for
the preroaghening transition can be written as

H= f PriLy (V@) — Vi cosQrp()) — Vycos@m ()] W

where ¢ (x) represents the height of the interface at the position r on the substrate. When
V, = 0, the above Hamiltonian reduces to that for the roughening transition.

n-1
n-1
Figure 1. A surface configuration of the discrdered fiat
staciore,

V2
Prerough , Hough

\\\/\\//
///\\/ N

Figure 2. rG flow diagram of the roughening and preroughening transitions with n = 2T fy.

l

i

RG analysis of the static Hamiltonian equation (1} has been performed [3,9]. The
assential features of the RG analysis may be understood by examination of the flow diagram
shown in figure 2; depending on the choice of initial conditions on the critical surface, one
finds that two, one or none of the fugacities flow to zero. If both do so, then one has no
restraining potential for the surface, and it becomes rough. Conversely, if only one of the
fugacities is finite, the phase is. prerough, and if both of the fugacities are finite, the phase
is flat.

However, the dynamics of the preroughening transition has not yet been studied, which is
the purpose of this paper. Here we shalt perform dynamic RG analysis for the preroughening
transition. In general, the dynamic equation for reaching a stable equilibrium state can be
derived from the static Hamiltonian via the Langevin equation [10],

3, t) " &éH

3t kT 8¢(r, 1)

+ R, 1) (2)
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with thermal noise R(r, ) and friction coefficient », Thus the dynamic equation for the
preroughening transition after redefining the coefficients is

aqﬁg;' 22 = ¥y V2¢ — 2nV, sin(2m ) — 4z Vo sin(dm ) + R(r, 1) )

n

where R is a random noise force with a white spectrum
(Re(O) R (1)) = Gyd(t — 1'). ' (4)

In this paper, we will use the perturbative RG method introduced by Nozigres and
Gallet to perform the dynamic RG analysis [11]. Originally the method was applied to
the problem of the dynamics of the roughening transition [12], and detailed calculations
' have been presented [11]. Since the calculations for the preroughening are similar to those
for the roughening transition, we will only present the essential steps of calculations for
the dynamic RG transformations here. First, we split the random force R into two parts,
R = R + R, which are statistically independent. Here we may regard SR as the effect
of the short-wavelength, rapidly varying degrees of freedom left out of the coarse-grained
description. Thus we shall take an average over 4R. For comparison, the standard RG
transformation is carried out by integrating out the field ¢(k) in A/b < k& < A, while
the current method uses the random force R(k) for integrating out. Accordingly the noise
spectrum is readily divided into G, = G, + 8Gy, contributed by R and SR respectively.
Moreover we obtain the averaged height ¢ = (¢(R+8R)}sz by performing a partial average
over 3R, and define 8¢ = ¢ — .

Then the dynamic equations of ¢ and 8¢ are

3%

o = yV2¢ — 27V (sin(2md + 278¢)) — 4z Va(sin(dnd -+ 4m ) + R T (5a)
B3¢ 2 . : - oo
N = YV — 2 Vifsin(2rd + 2m8p) — (sin(27'¢ + 2m84)))
— A Va[sin(dmw g + 4mwdd) — (sin(dmd + 4wdp))] + SR. (5b)

We first solve for 8¢ by iterating and expanding in powers of V; and V. In the zeroth
order,

56O, 1) = f &ridt xolr — vt — tYSR(, ) (6)

where yo is the solution of the equation for the case of V1 =0, V, =0, and R =0 in’
equation (3), that is nd¢/8t = y V2¢. Explicitly, the solution is

mm0=41

i 2 ’
Py exp( flr /4yt). (7

In the first order,
st = — f P dt’ xolr — ', t — Y27 Vi{sin(2re + 2m80) — (Sin(2 e -+ 2w 8)))

+ 47 Vo{sin(dm @ + 4m8d) — (sin(dw e + 4w éd))}]. ) 8)
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Next combining the results, equations (6) and (8), and inserting ¢ = §¢©@ + §¢@ into
equation (5a), we obtain the following equation, up to the order Q(VE, Vi Va, V2),

a n _ _ - - - - -
n.ai: =y V2 — 2V sin(2n ) — 4 Vo sin(drrd) + R

+87°V} f & & xolr = 7', t = )Isin(2rBlr) + 2w Br))(e 200D _ 1y
— sin(2rd(r) — 27 G(r)) (@™ — 1)]

+167° WV V2 f d2’ dt' yo(r—+, t =) [sin2rd(r) +4m d(r)) (e~ Iroee _ 1)
— sin(2r(r) — 4nd () D - 1))

+3273W 1, f d*r’ dt’ yo(r—r', t =) [sin(4w (r) + 27 P (r')) (e~ 52 1)
— sin@rd(r) — 2w G () (O ~ 1] |

+ 647> V7 f & dr xo(r —r',t — 1) [sin(dm ¢ (r) +dmd(r)) (e — 1)
~sin@ad(r) — 4 NEECT ~ 1] ©)

where V) = Ve300 {1, = V,e~480.0) with n = 7T /v, and ‘

dg(p, 1) = Qay/T)EQ(r, N8O, 1)) (10)

with p = r —r" and T = ¢ —¢. In order to obtain the renormalized corrections of ¥ and n,
we make the following replacement,

sin{2r () — 2w p ()} — 27 (¢ — ') (cos 2m(p — ¢'))

= 2(p — @)e e o

where
LI | 2
hp, ) = f B 11 = Jo(kppe eI (12)
D _

under the assumption of the sharp cut-off, 6(1 — x). The function, k{p, 7}, can also be
obtained by using Kadanoff’s operator algebra formalism [13]. The Taylor expansion of
¢ — ¢’ generates V¢ and 9¢/dr terms, which contribute to the renormalizations of ¢ and
n respectively. In equation (9), we discarded the irrelevant harmonic terms contributing to
higher harmonics. After rescaling, 5 = p(1 —¢) and £ = k/(1 —¢), we obtain the following
RG recursion relations,

dVijde = 2 -V (13)
dVa/de = (2 —4n)Vs (14)
dy/de = 2n*V{/¥)Aln) + (B32n*VE/y) A(4n) (15)

dn/de = Bx*Vin/y*) B(r) + (1287*Vin/y?) B(4n). (16)
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In the above equations, A{n) and B{n) are defined as

=’~s~°°1(__1__ dgsn)
Ay =n f 5 dp fo ) (17)
and -
. .
B(n) =n f 5dp f dxexp(-i_m)w . (18)
0 4x _de .

where we have set x = yz/n0%, and

LB.2) _ poipyer™ a9)
de
1 .
Hp,x) = f di %ﬂ — Jolkp)e ™ 75, o o)
0

The numerical behaviour of the functions A(n) and B(i) was described [11], and the values
at the fixed point ate A(2) = 0.398 and B(2) = 0.234,

The recursion relations for the preroughening transition are very similar to those for the
roughening transition, but including a higher harmonic term. That is, when V5 = 0, the
above recursion relations reduce to those for the roughening transition exactly. The flow
diagram for the parameters Vj and V; is depicted in figure 2. Depending on the choice of
initial conditions on the critical surface, two, one or none of the fugacities flow to zero. If
both do so, then there is no restraining potential for the surface, so that the the surface is
unpinned, which means the surface is rough. While if V7 = 0 and V5 £ 0, then a pinning—
unpinning transition partially occurs. Thus the surface is prerough. If both parameters are
non-zero, then the surface is flat. Therefore the roughening transition occurs at r = 2 and
the preroughening transition occurs at'n = % - -

In the disordered flat phase, where % < n < 2. Vo decreases under RG transformations,
s0 that the fugacity V; is irrelevant. Thug within the RG scheme, the study of the dynamics
in the disordered flat phase is very similar to the one obtained for the roughening transition
below the roughening temperature. On the other hand, the fugacity V) blows up under
infinite RG transformations, so that the expansion in powers of V) in the RG analysis might
be meaningless. But in this case, the siop-RG transformation must be applied. The RG
transformation must stop at finite iferations when the length scale is comparable to the
correlation length £ which is known to be finite below the roughening iemperature. For this
case, V] and V; remain finite, and they are still small. We checked numerically that, even
in the presence of V3, y/n will behave similarly under RG transformations to the case of
V4 = 0. Since the fugacities remain small enough, we may adapt the well known result for
the height—height correlation above the roughening transition that w? = {(¢(r, ) =¢(0, )%
scales as Inr. In fact, w? is equivalent to the function H (r, ) in equation (20). At an early
stage, the growth of the interface is driven by nucleation of small seeds. The length r
corresponds to the typical size of seeds, which increases as ~ 3/f. Hence the height-height
finctuation w? scales as ~ Inz. This behaviour stops at the characteristic time * ~ £2. A
similar result was obtained by stochastic numerical simulations by Devillard [14], where
the correlation length £ is replaced by the system size L, because & > L.

Beyond the characteristic time #*, the separation between isolated seeds becomes closer,
and coalescence may occur. In this regime, it was shown by numerical simulation [14] that
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the fluctuation w? decreases, and it saturates to a size-independent constant value. However,
beyond the characteristic time ¢*, RG analysis breaks down, because V) becomes so large
that expansion in powers of V| does not make sense. However, in the Iong-time limit, it is
obvious that the fluctuation w? converges to a constant value, because the interface is flat
below the roughening temperature. Since the value of the fluctuation at #* increases with
system size, and the saturated value is independent of system size, we may expect that the
fluctuation will decrease after a characteristic time, and it will then be saturated. Next when
an external force is applied, we might say by using the result for the roughening transition
[11] that Ap < y/L?, the surface grows as if the force were zero, and for Ay > y /L2,
the renormalization of  and 5 stops, and the interface is rough.

In conclusion, we have studied the dynaimes of the disordered-flat structure by applying
the dynamic renormalization group to the Langevin-type equation derived from the sine—
Gordon Hamiltonian. We found that the roughening transition occurs at n = aT/y = 2,
and the preroughening transition at n = % The preroughening transition is driven by
the second harmonic term of the lattice pinning potentials. The renormalized parameters
of surface tenston and friction due to the second harmonics are described by the same
functions A(z) and B(n) as those used in the roughening transition. The second fugacity
converges to zero under infinite RG transformations. Since the first fugacity blows up under
RG transformnations, we must apply the stop-RG transformation. In this case, the first and
the second fugacities remain finite. Bven in the presence of the second fugacity, the nature
of the RG transformation does not change from the case of the absence of V2. Thus we have
found that the height—height correlation function grows as Inz for ¢ < L2, and it saturates to
its equilibrium value in the long-time limit. For the applied force, Ap < y/L? the surface
grows, as if the force were zero.
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